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We propose and analyse an efficient scheme for simulating higher-order topological phases of
matter in two dimensional (2D) spin-phononic crystal networks. We show that, through a specially
designed periodic driving, one can selectively control and enhance the bipartite silicon-vacancy (SiV)
center arrays, so as to obtain the chiral symmetry-protected spin-spin couplings. More importantly,
the Floquet engineering spin-spin interactions support rich quantum phases associated with topolog-
ical invariants. In momentum space, we analyze and simulate the topological nontrivial properties of
the one- and two-dimensional system, and show that higher-order topological phases can be achieved
under the appropriate periodic driving parameters. As an application in quantum information pro-
cessing, we study the robust quantum state transfer via topologically protected edge states. This
work opens up new prospects for studying quantum acoustic, and offers an experimentally feasible
platform for the study of higher-order topological phases of matter.
I. INTRODUCTION
Topological insulators (TIs) possess topologically pro-
tected surface or edge states, which can be utilized as ro-
bust transmission channels. In condensed matter physics,
topological systems such as the quantum Hall effect and
the quantum spin Hall effect have been extensively stud-
ied [1–3]. With the combination of topology and quan-
tum theory, topological protection has developed some
interesting applications in quantum information process-
ing. In photonics, topological edge states can be used
to realized one-way transport without breaking time re-
versal symmetry [4–9]. In quantum computation, topol-
ogy was introduced to solve the decoherence problem,
in which the non-Abelian topological phases of matter
are used to encode and manipulate quantum information
[10–12].
The Su-Schrieffer-Heeger (SSH) model, originally de-
rived from the dimerized chain, serves as the simplest ex-
ample of one-dimensional (1D) topological insulator [13].
So far, the SSH model have been realized in a number of
quantum structures. For instance, a recent experiment
demonstrated a tunable dimerized model and observed
the topological magnon insulator states in a supercon-
ducting qubit chain [14]. As for ion-trap or optical lattice
systems, an external periodic driving is generally needed
to trigger the topological properties of the system, re-
alizing the Floquet topological insulators in these sys-
tems [15–19]. In addition, to investigate the topological
characters of high-dimensional quantum devices, several
theoretical works extended the SSH model to the two-
dimensional (2D) case [20–25]. However, with the present
experimental conditions, the observation of topological
phenomena, in particular the higher-order topology, in
the quantum domain is still challenging [26–28].
In recent years, quantum acoustics has aroused grow-
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ing interests, which mainly studies the coherent inter-
actions between quantized phonon modes and quantum
emitters. Mechanical resonators or propagating phonons
with low speed of sound in solids, offer unique ad-
vantages for transmitting quantum information between
solid-state quantum systems. To date, experimental and
theoretical progress has realized a variety of hybrid me-
chanical structures involving a large number of different
quantum systems, such as solid-state defects [29–36], su-
perconducting circuits [37–42], ultracold atoms [43, 44],
and quantum dots [45, 46]. Among these, due to the
excellent coherence properties even at room tempera-
ture, defect spins in diamond and silicon carbide have
become one of the most promising systems for quantum
applications in solid states. In particular, the negatively
charged silicon-vacancy (SiV) center in diamond serves
as an emerging block for hybrid quantum systems be-
cause of high strain susceptibility and remarkable optical
properties [47–50].
Previous works have shown that a highly tunable spin-
phonon interaction can be achieved near a phononic band
gap [51–53]. Phononic crystals, defined as elastic waves
propagating in periodic structures, which provide a pow-
erful candidate for manipulating the interplay of phonons
and other quantum systems. Because of the unique band
structure of the phononic crystal, a single phonon bound
state emerges within the band gap [54–56], resulting in
a stronger and controllable spin-phonon coupling. More
importantly, owing to the advantage of the scalable na-
ture of nanofabrication, the spin-phononic crystal setup
is experimentally feasible when extending to the higher
dimensional case [53, 57–67].
In this work, we propose an efficient protocol for
studying the topological quantum properties in 2D SiV-
phononic crystal networks. Driving the SiV color cen-
ter arrays with the periodic microwave fields, we obtain
the Floquet engineering spin-spin interactions with some
unique properties. We find that, it is possible to selec-
tively control the phonon band-gap mediated spin-spin
couplings by modulating the parameters of the periodic
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FIG. 1. (Color online) (a) Schematics of the hybrid device studied in this work. Nanomechanical 2D phonon band-gap setups
elaborately designed with high-Q cavities in a patterned diamond membrane. (b) Arrays of SiV color centers are implanted
evenly in the phononic waveguide. The lattice constant of the phononic crystal is a = 100 nm, the size of the ellipse hole are
(b, c) = (30, 76) nm, and the thickness is t = 20 nm. SiV spins are driven by microwave driving fields. (c) Ground-state energy
levels of a single SiV center. Lower and upper states split via an external magnetic field. gn,k describes the coupling strength
between the spin and the phonon with the transition (|g〉 ↔ |f〉), and ∆BE = ωs − ωBE is the detuning between the spin
transition and phononic band edge frequency. (d) Displacement pattern of the phononic compression mode at the band edge
frequency ωBE .
driving. We show that, the chiral symmetry-protected
spin-spin interactions are attained in the bipartite SiV
center arrays, and more importantly, the Floquet en-
gineering spin-spin interactions support rich quantum
topological phases. To investigate the topological non-
trivial features of the system, we convert the 1D and
2D Floquet engineering spin-spin Hamiltonian to the mo-
mentum space. Firstly, we study the topological invari-
ant Winding and Chern numbers, respectively. Apart
from the original definitions, here we offer a geometri-
cally intuitive way to calculate the topological invari-
ant. And then we obtain the 1D and 2D topological
Zak phases, respectively. We show that, the higher-order
topological phase can be achieved under the appropri-
ate periodic driving parameters. In addition, we give
the analytical and numerical solutions of the topological
edge states. Finally, we study the topological protected
quantum state transfer and discuss the effect of SiV spin
dephasing. This work offers an experimentally feasible
platform for studying topological nontrivial phenomena
in higher-dimensional quantum systems.
II. 2D SPIN-PHONONIC CRYSTAL
NETWORKS
The 2D spin-phononic crystal setup is depicted in
Fig. 1(a), where identical nodes are arranged in a square
lattice. The diamond waveguide is perforated with peri-
odic elliptical air holes, which yields the tunable phononic
band structures. SiV color centers are evenly located at
the nodes of the phononic structure, which are coupled
to the acoustic vibrations via lattice strain. The pat-
tern structure of the edge of the diamond membrane is
designed to ensure the high-Q phonon band-gap cavities
[57].
For the phononic crystal, we first consider a quasi-1D
geometry model, which supports acoustic guide modes
ωn,k, with n the band index and k the wave vector along
the waveguide direction. The mechanical displacement
mode profile ~Q(~r, t) can be obtained by solving the elas-
tic wave equation [68]. Analogous to the electromagnetic
field in quantum optics, the mechanical displacement
field can be quantized, i.e., Hp =
∑
n,k ~ωn,ka
†
n,kan,k,
with an,k and a
†
n,k the annihilation and creation opera-
tors for the phonon modes.
SiV color centers are interstitial point defects wherein
a silicon atom is positioned between two adjacent vacan-
cies in the diamond lattice. The negatively charged SiV
center can be treated as an effective S = 1/2 system.
For the electronic ground state of the SiV center, the∣∣2Eg〉 states are the combination of a twofold orbital and
a twofold spin degeneracy. Considering the spin-orbit
interaction and Jahn-Teller effect, the orbital states are
separated into a lower branch (LB) and upper branch
3(UB) with frequency ∆GS = 2π × 46 GHz. In the pres-
ence of an external magnetic field ~B, the Zeeman effect
will be further split the spin degenerate states. The SiV
ground state Hamiltonian can be written as [48]
HSiV = −~λSOLzSz+HJT +~fγLBzLz+~γS ~B · ~S, (1)
where λSO is the strength of spin-orbit interaction, γL
and γS correspond to the orbital and spin gyromagnetic
ratio. Diagonalizing Eq. (1), we obtain four eigen-
states {|g〉 = |e− ↓〉 , |e〉 = |e+ ↑〉}, {|f〉 = |e+ ↓〉 and
|d〉 = |e− ↑〉}, where |e±〉 = (|ex〉 ± i |ey〉)/2 are eigen-
states of the orbital angular momentum operator. The
corresponding energy level diagram is given in Fig. 1(c).
As result, the spin-flip transitions are allowed between
the four sublevels with opposite electronic spin com-
ponents [69, 70]. Specifically, the two lowest sublevels
(|g〉, |e〉) can be treated as a long-lived qubit and coher-
ently controlled via an optical Raman process. Further-
more, in the high-strain limit, this transition can be di-
rectly driven with a microwave field [71].
In the SiV-phonon system, the mechanical lattice vi-
bration modifies the electronic environment of the SiV
center, resulting in the coupling of its orbital states |e−〉
and |e+〉. As for the setup shown in Fig. 1(b), when the
transition frequency of the spin state is tuned close to the
phononic band edge, we can obtain the strong strain cou-
pling between the SiV center and phononic crystal mode
[30]. By utilizing a microwave assisted Raman process
involving the upper state |f〉, the transition of SiV elec-
tronic ground states |g〉 and |e〉 can be effectively coupled
to the phononic mode. In this case, the spin-phonon in-
teraction can be mapped to the Jaynes-Cummings model,
namely
Hs−p =
∑
n,k
~ωn,ka
†
n,kan,k + ~ωsσee
+
∑
n,k
~gn,k(an,kσege
ikx0 +H.c.), (2)
where σij = |i〉 〈j|, ωs is the effective spin transition fre-
quency, g ∼ 0.1gn,k, and gn,k is the coupling strength
between the SiV center and the phononic modes. Here,
we consider that the defect centers are coupled predomi-
nantly to a single band of the phononic crystal, so the in-
dex n be omitted in the following discussion. In Fig. 1(d),
we numerically simulate the corresponding displacement
pattern of the phononic mode by using the finite-element
method (FEM), which is performed with the COMSOL
MULTIPHYSICS software.
In a previous work, we proposed the band-gap engi-
neered spin-phonon interaction. When the spin transi-
tion frequency is exactly in a phonon band gap, there
will be a phononic bound state. Then we can obtain a
much stronger SiV-phononic coupling via tuning the ef-
fective acoustic mode volume [51]. In this context, we
now study the interaction between the phononic crystal
modes and an array of SiV spins. Here we assume that
the SiV centers are equally coupled to the phononic mode
near the band gap. Thus the interaction Hamiltonian of
the defect spins and the phonon modes is expressed as
HI =
∑
j,k
~g(akσ
j
ege
iδkt+ikxj +H.c.), (3)
with δk = ωs −ωk. Assuming the large detuning regime,
δk ≫ g, we can obtain an effective spin-spin interaction
via adiabatically eliminate the phonon modes [72]. With
the band gap engineered spin-phononic interaction, we
integrate over the phononic modes and obtain the effec-
tive Hamiltonian
Harray =
∑
i,j
~Ji,jσ
i
egσ
j
ge, (4)
where
Ji,j =
g2c
2∆BE
e−|xi−xj|/Lc (5)
denotes the phononic band-gap mediated spin-spin in-
teraction strength, and ∆BE = ωs − ωBE is the detun-
ing between the spin transition and the phononic band
edge frequency. gc = g
√
2πa/Lc corresponds to the
spin-phononic coupling strength, with a the lattice con-
stant and Lc the localized length of phononic wavefunc-
tion. Going back to the two-dimensional setup shown in
Fig. 1(a), we consider a phononic network with square
lattices on the x-y plane, with 2N × 2N SiV spins lo-
cated separately at the nodes of the phononic structure.
Hence, the phononic mediated spin-spin interactions can
be obtained as
H(2D)array = H
(x)
array +H
(y)
array,
H(x)array =
2N∑
l=1
2N∑
i,j=1
~(Ji,jσ
(i,l)
eg σ
(j,l)
ge +H.c.),
H(y)array =
2N∑
j=1
2N∑
k,l=1
~(Jk,lσ
(j,k)
eg σ
(j,l)
ge +H.c.), (6)
where H
(x)
array and H
(y)
array describe the effective spin-spin
interactions in the x and y directions, respectively. Ji,j
and Jk,l are the corresponding phonon mediated spin-
spin hopping rates.
Note that different from the conventional dipole-dipole
interaction mediated by a mechanical resonator or waveg-
uide, this band-gap mediated spin-spin interaction is de-
cay exponentially with the distance between spins, with
a decay length Lc. This form of interparticle coupling
(Ji,j ∼ e−|xi−xj|/λ) is commonly encountered in sev-
eral other quantum systems, such as quantum dot and
trapped-ion setups [15, 17]. In the spin-phononic crystal
system, owing to the unique band gap structures of the
phononic crystal, we can get strong and tunable spin-
spin interactions by controlling the mediated phononic
modes.
4III. 1D TOPOLOGICAL PROPERTIES
A. The periodic driving
The periodic driving is known to render effective
Hamiltonian in which specific terms can be adiabati-
cally eliminated. In particular, the periodic driving can
be used to trigger nonequilibrium topological behavior
in a trivial setup, which offers an efficient tool to sim-
ulate topological phases in quantum systems [73, 74].
We consider a periodic driving quantum system with
H(t) = H(t+T ), characterized by time period T = 2π/ω.
In this case we can introduce Floquet theorem to inves-
tigate long-time dynamics of the system, as developed
in Ref. [75]. With the Floquet-Bloch ansatz, the time-
dependent Schrodinger equation be given by
i~dt |ψα(t)〉 = H(t) |ψα(t)〉 , (7)
where
|ψα(t)〉 = |φα(t)〉 e−iǫαt/~ = e−iǫαt/~
∑
m
e−imωtφm. (8)
|ψα(t)〉 is the so-called Floquet eigenstate, and ǫα is the
quasienergy with band index α. φα(t) = φα(t + T ) de-
notes the time-periodic Floquet eigenmode, which can be
constructed by a complete set of orthonormal basis state
φm. With respect to the basis |ψα(t)〉, the system can be
effectively described by the Hamiltonian
Hmneff =
1
T
∫ T
0
dtei(m−n)ωtH(t). (9)
The effective Hamiltonian is the time-average of the
Hamiltonian H(t) in a driving period, which is the core
of Floquet theorem. Note that the Floquet state in time-
periodically driven systems is analogous to the Bloch
state in spatially periodic systems.
In a recent work [52], we proposed a periodic driv-
ing protocol to simulate topological phases with a color
center-phononic crystal system. By applying a standing
wave field between the two lowest sublevels (|g〉, |e〉) of
the SiV center, we get the Floquet engineering of the
spin-spin interactions, resulting in the well-known SSH-
type Hamiltonian. Here we consider a fundamentally
different driving protocol, which allows us to selectively
control the spin-spin interactions. What is more impor-
tant, the resulting spin-spin interactions possess chiral
symmetry and support rich quantum phases associated
with topological invariants. The time-periodic driving
has form [17]
Hdriv(t) =
∑
j
~Vjf(t)σ
z
j , (10)
where σzj = |e〉j〈e| − |g〉j〈g| is the Pauli operator compo-
nent. f(t) denotes the standard square-wave function
f(t) = −1 for t ∈ [0, T
2
],
f(t) = 1 for t ∈ [T
2
, T ]. (11)
Vj denotes the on-site potential
Vj =
{
b0 +
(a0+b0)
2 (j − 1) j = 1, 3, 5, 7, ...
(a0+b0)
2 j j = 2, 4, 6, 8, ...
. (12)
This stair-like form offers alternating potential difference
between two adjacent spins, i.e., Vj − Vj−1 = a0 and
Vj+1 − Vj = b0 are staggered along the spin array.
We first consider the interaction of the periodic driving
and the 1D spin array, but the case of 2D will be studied
in the next section. Now we transform the total Hamil-
tonian H1D = Harray+Hdriv(t) into the interaction pic-
ture, with the unitary operator U(t) = e−i
∫
t
0
dτHdriv(τ)/~.
After the unitary transformation, we obtain
σjeg → ei∆j(t)σ
z
j σjege
−i∆j(t)σ
z
j = σjege
2i∆j(t),
σjge → ei∆j(t)σ
z
j σjgee
−i∆j(t)σ
z
j = σjgee
−2i∆j(t), (13)
with
∆j(t) = Vj
∫ t
0
dτf(τ)
= Vj
∫ t
0
dτ [
∑
n6=0
1
nπi
(e−inπ − 1)einωτ ], (14)
where we expanded f(t) into its Fourier series. In the
interaction picture, the total Hamiltonian has the form
as
H1D =
∑
i,j
~Jij(t)σ
i
egσ
j
ge, (15)
where Jij(t) = Jije
2i(∆i(t)−∆j(t)) is the hopping rate with
a temporal periodicity, Jij(t) = Jij(t+ T ). The Floquet
components of the Hamiltonian (14) read
Hmn1D =
∑
i,j
~Jmnij σ
i
egσ
j
ge, (16)
Jmnij =
1
T
∫ T
0
dtJij(t)e
i(m−n)ωt. (17)
For the time-periodically driven system, Hmn1D can be ex-
pressed by the Floquet-Magnus expansion. In the high-
frequency regime ω ≫ Ji,j , it is a good approximation to
neglect the rapid oscillation of the external driving [75–
77]. As a result, the spin-spin interaction can be given
by the zeroth-order expansion term
Jij = Jij iω
2π(Vi − Vj) (e
−i2π(Vi−Vj)/ω − 1). (18)
As for the SSH model, the interparticle interaction is
characterized by staggering hopping amplitudes. Thus,
the two nearest-neighbor spins can be grouped into a unit
cell and classified as odd and even spins, as we proposed
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FIG. 2. (Color online) Schematic diagram for effective spin-
spin interactions. (a) Even-neighbor hopping. (b) and (c)
illustrate two kinds of odd-neighbor hopping examples, re-
spectively.
in Ref. [52]. Likewise, here we consider the phononic-
mediated spin-spin interaction as a bipartite lattice of
the form ABABAB, with
An = σ
j
ge j = 1, 3, 5, 7, ...,
Bn = σ
j
ge j = 2, 4, 6, 8, .... (19)
Based on this definition, we rewrite the renormalized
hopping amplitude Jij . For simplicity, here we intro-
duce nl to label the spins at the l site of the nth cell,
l = A or B. In general, there are two types of inter-
particle hopping. For the even-neighbor hopping, which
describes the spin-spin interaction of the same sublat-
tice, as shown in Fig. 2(a). The potential difference are
Vi−Vj = ±m(a0+b0), with m = n′l−nl. In consequence,
the even-neighbor spin-spin hopping rate can be written
as
Jnl,n′l =
iJnl,n′l
∓2πqm(e
±i2πqm − 1), (20)
where q = (a0 + b0)/ω, and “±” correspond to the cou-
pling to the right and left spins, respectively. From Eq.
(20), the even-neighbor hopping is always zero if we as-
sign q = 1, 2, 3, .... Thus we conclude that the even-
neighbor hopping can be suppressed by tuning the pa-
rameters a0 and b0. Note that the even-neighbor hopping
is a detrimental source for the chiral symmetry [17].
For the odd-neighbor hopping, which describes the
spin-spin interaction of the different sublattice. To better
describe the physical picture of the spin-spin interaction,
we further classify two kinds of odd-neighbor hopping.
We first discuss the case with nA ≤ nB, for which the
schematic diagram is shown in Fig. 2(b). If we define
nB = nA + r (r = 0, 1, 2, ...), the spin-spin interaction
can be described by
JnA,nB = −
iJnA,nB
2π(qr + a0ω )
[e2iπ(qr+
a0
ω
) − 1],
JnB ,nA =
iJnA,nB
2π(qr + a0ω )
[e−2iπ(qr+
a0
ω
) − 1], (21)
where JnA,nB and JnB ,nA describe the forward (A→ B)
and backward (B → A) hoppings, respectively. For the
case with nA > nB, the schematic diagram is shown in
Fig. 2(c). If we define nB = nA − r′ (r′ = 1, 2, 3, ...), the
spin-spin interaction can be described by
J ′nA,nB =
iJnA,nB
2π(qr′ − a0ω )
[e−2iπ(qr
′−
a0
ω
) − 1],
J ′nB ,nA = −
iJnA,nB
2π(qr′ − a0ω )
[e2iπ(qr
′−
a0
ω
) − 1]. (22)
Likewise, J ′nA,nB and J ′nB ,nA represent the backward
(A → B) and forward (B → A) hopping, respectively.
From Eqs. (20) and (21), we can conclude
JnA,nB = (JnB ,nA)∗,J ′nA,nB = (J ′nB ,nA)∗. (23)
Unlike the case of the SSH model, the backward and for-
ward hoppings of the odd-neighbor spin-spin interaction
are not equal.
According to this bipartite solution, the Hamiltonian
H1D can be rewritten as
H1D =
∑
n,r,r′
~(JnA,nBAnB†n+r + JnB ,nAA†nBn+r
+J ′nA,nBAnB†n−r′ + J ′nB ,nAA†nBn−r′). (24)
Here we neglected the even-neighbor hopping terms. By
applying a particular periodic driving field to the SiV
centers, we obtain the Floquet engineering of the spin-
spin interactions with unique properties. In this case, the
even-neighbor hopping is suppressed by tuning the pa-
rameters of the driving field, while the odd-neighbor hop-
ping can be enhanced as needed. This scheme enforces
the chiral symmetry which provides topological protec-
tion for the spin-spin interaction. In Fig. 3, we numer-
ically calculate the quasienergy spectrum as a function
of a0. We can see that all the eigenmodes are grouped
into chiral symmetric pairs with opposite energies. For
simplicity, here we express the bare spin-spin interaction
as
Ji,j =
g2c
2∆BE
e−|xi−xj|/Lc = J0e
−|xi−xj |/Lc . (25)
Given that the band-gap mediated spin-spin interaction
decays exponentially with the spin spacing, here only the
first- and third- neighbor interactions are included.
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FIG. 3. (Color online) (a) Quasienergy spectrum as a function
of a0, the corresponding winding numberW is indicated. Here
we assign |xj − xj+1| = a, Lc = a. Note that only the first
and third odd-neighbor interactions are included. The other
parameters are N = 5, ω = 10, q = 1 and J0 = 1.
B. Topological phases
The periodic driving protocol offers an effective
method to investigate the topological character of the
spin-phononic crystal system. To explore topological fea-
tures of the Floquet engineering spin-spin system, we
convert H1D to the momentum space. Considering peri-
odic boundary conditions, we can make the Fourier trans-
formation
On =
1√
N
∑
k
einkOk, (O = A,B) (26)
where k = 2πm/N(m = 1, 2, ..., N) is the wavenumber
in the first Brillouin zone, and Ak and Bk are the mo-
mentum space operators. Defining the unitary operator
ψ(k) =
(
Ak Bk
)T
, the Hamiltonian H1D be expressed
as
H1D =
∑
k
ψ(k)†H(k)ψ(k). (27)
Then we obtain 2× 2 matrix form of the Hamiltonian in
the k-space
H(k) = ~
(
0 f(k)
f∗(k) 0
)
. (28)
with
f(k) =
∑
r,r′
(JnB ,nAeikr + J
′
nB ,nAe
−ikr′). (29)
Here f(k) describes the coupling between the A and B
spins in momentum space.
The dispersion relation can be obtained by solving the
eigenvalue equation
H(k)ψ(k) = E(k)ψ(k), (30)
using the fact that H2(k) = E2(k)I, with I being the
identity operator in the Hilbert space. Then we obtain
the energy band structure as
E(k) = ±~|f(k)|, (31)
ψ(k) =
1√
2
(
1
±e−iϑ(k)
)
. (32)
ψ(k) corresponds to the eigenfunctions for the lower and
upper band, and ϑ(k) is defined as the argument of
f(k). Figs. 4(a1)-(f1) show the energy spectra for dif-
ferent driving field parameters, which are split into two
branches and there exists a band gap between the lower
and upper branches. It should be noticed that the band
gap will be vanished at the critical point of topological
phases.
The band gap structures are generally associated with
topological properties of bulk-boundary correspondence.
For the 1D Floquet engineering spin-spin system, we in-
troduce the topological Zak phase [78]
ϕZak = −i
occ.∑
j=1
∫ 2π
0
dkψ†(k)∂kψ(k)
= Nocc.
1
2
∫ 2π
0
dk
d
dk
ϑ(k)
=Wπ (33)
where W is the topological winding number, Nocc. de-
scribes the number of occupied energy bands. Now we
need to investigate the winding number of the system.
Alternatively, f(k) can be expressed in the form
f(k) = d(k) · σ, (34)
where σ = (σx, σy, σz) is the Pauli matrix, and d(k) de-
notes a three-dimensional vector field
dx(k) =
1
2
∑
r,r′
(JnB ,nAeikr + J
′
nB ,nAe
−ikr′ + c.c.),
dy(k) =
i
2
∑
r,r′
(JnB ,nAeikr + J
′
nB ,nAe
−ikr′ − c.c.),
dz(k) = 0. (35)
For general 2-band topological insulators, owing to
the periodicity of the momentum-space Hamiltonian, the
path of the endpoint of d(k) is a closed loop in the aux-
iliary space (dx, dy) [79]. The topology of this loop can
be characterized by an integer, the winding number
W = 1
2π
∫ 2π
0
n× ∂kndk, (36)
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FIG. 4. (Color online) (a1)-(f1) show the dispersion relations for various parameter settings of periodic driving: (a1) a0 = −16.
(b1) a0 = −11. (c1) a0 = 4. (d1) a0 = 19. (e1) a0 = 21. (f1) a0 = 26. As the wave number k runs through the Brillouin zone
(−pi, pi), the energy spectrum splits into two branches and there exists a band gap between the lower and higher branches.
(a2)-(f2) correspond to the winding configuration of (dx, dy) around the origin (red star), and the relevant winding number W
is explicitly shown. In (a2) and (c2), the loop wind avoids the origin, and then W = 0. In (b2), (d2) and (f2), the endpoint of
d(k) encircles the origin once, but these are topological inequivalent. For (d2) and (f2), the endpoint of d(k) is a closed loop in
the counter clockwise direction, and W = 1. While in (b2), the endpoint of d(k) is along the clockwise direction, and W = −1.
In (e2), the endpoint of d(k) encircles the origin two times, and W = 2. Other parameters are the same as those in Fig. 3.
where n = (nx, ny) = (dx, dy)/
√
d2x + d
2
y is the normal-
ized vector. Here the winding numberW counts the num-
ber of times the loop winds around the origin of the dx-dy
plane. Figs. 4(a2)-(f2) present the path of the endpoint
of d(k) on the dx-dy plane. For different values of a0,
the winding number of the system exhibits four possible
values, −1, 0, 1, 2. According to Eq. (33), we can derive
the relevant topological Zak phases directly. Further-
more, one can implement the topological phase transition
in this SiV-phononic system by modulating the periodic
driving.
From the numerical simulation results, we show rich
quantum phases related to topological invariants. As
for the generalized SSH model, a prototypical example
to investigate topological properties in a trivial system,
the 1D Zak phase has only two possible values 0 or π.
This work offers an effective scheme for studying topo-
logical phases induced by periodic driving. The distinct
feature is that it enables to simulate higher-order topo-
logical phases and related topological phase transitions
in topological trivial systems.
C. Edge states
The existence of edge states at the boundary is a dis-
tinguished feature for topological insulator states. In the
following, we first simulate the edge states in a 1D spin-
phononic system. The core step is to look for the zero-
energy eigenstates. Here we introduce the single-excited
state
ψ =
∑
n
(anA
†
n + bnB
†
n) |0〉 , (37)
where an and bn are the amplitudes of occupying proba-
bility in the nth cell. |0〉 = |ggg...〉 is the vacuum state,
which describes that all spins stay in the ground state
|g〉. In the single-excited state subspace, we can get the
the zero-energy eigenstates by sloving
H1D
∑
n
(anA
†
n + bnB
†
n) |0〉 = 0. (38)
There will be 2N equations for the amplitudes an and bn.
Considering the boundary conditions, b0 = aN+1 = 0.
We can analytically derive the left and right zero-energy
edge states, respectively.
To verify the model, we numerically simulate the en-
ergy spectrum and zero-energy eigenstates of the system.
Figs. 5(a1)-(d1) show the eigenvalues for various param-
eter settings of the periodic driving. As for the non-
topological regime, W = 0, there will be an energy band
gap but no gapless modes appear. For the cases with
W = 1 and W = −1, there are two zero-energy eigenval-
ues. For the case with W = 2, there are four zero-energy
eigenvalues. Correspondingly, we plot the zero-energy
edge states in Figs. 5(a2)-(d2). We see that the wave-
functions are located at the vicinity of the array bound-
aries, which are the so-called topological edge states. In
addition, the edge states only distribute at certain (odd
or even) sites, which is related to the chiral symmetry of
the system.
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FIG. 5. (Color online) (a1)-(d1) show the energy spectrum in the single-excited state subspace for various parameter settings
of periodic driving: (a1) a0 = −11. (b1) a0 = 19. (c1) a0 = 21. (d1) a0 = 26. For the cases with W = 1 and W = −1, there
are two zero-energy eigenvalues. For the case with W = 2, there are four zero-energy eigenvalues. The zero-energy eigenvalues
(the red point) correspond to the topological edge states. The rest of eigenvalues (the blue point) correspond to the bulk states
of the system. (a2)-(d2) show the related eigenfunction of the gapless modes. Here we consider N = 50. Other parameters are
the same as those in Fig. 3.
IV. 2D TOPOLOGICAL PROPERTIES
A. The periodic driving
Now we proceed to generalize the above 1D results
to 2D spin-phononic crystal networks. Here we consider
adding two mutually perpendicular microwave fields to
the color center arrays [80]. The first one is a time-
dependent microwave driving of frequency ωx in the x
direction. The other is a time-dependent driving of fre-
quency ωy in the y direction. These two periodic driving
fields have the form
H
(x)
driv =
2N∑
l=1
2N∑
j=1
~Vj,lfx(t)σ
z
j,l,
H
(y)
driv =
2N∑
j=1
2N∑
l=1
~Vj,lfy(t)σ
z
j,l. (39)
Vj,l = (Vj , Vl) describes the on-site potential in the 2D
phononic network, the two components of which are in
the form of Eq. (12). fx(t) and fy(t) denote the square-
wave function in the x and y directions, respectively.
Let us discuss the two directions separately. For the
periodic driving spin arrays along the x direction, the
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FIG. 6. (Color online) Schematic diagram of the 2D Floquet
engineering spin-spin interaction. There are four spins in a
unit cell, which are labeled as {A,B,C,D}, respectively. Here
we introduce (n,m) to describe the position of each unit cell
in the 2D spin-spin networks. For simplicity, only the nearest-
neighbor interactions are illustrated.
total Hamiltonian can be written as
H
(x)
2D = H
(x)
array +H
(x)
driv. (40)
In the interaction picture, we introduce the unitary op-
9erator Ux(t) = e
−i
∫
t
0
dτH
(x)
driv
/~. After the unitary trans-
formation, we obtain
σ(j,l)eg → σ(j,l)eg e2i∆j(t), σ(j,l)ge → σ(j,l)ge e−2i∆j(t), (41)
with
∆j(t) = Vj
∫ t
0
dτf(τ). (42)
While for the spin arrays along the y direction, the total
Hamiltonian is given by
H
(y)
2D = H
(y)
array +H
(y)
driv. (43)
Similary, we introduce the unitary operator Uy(t) =
e−i
∫
t
0
dτH
(y)
driv
/~. After the unitary transformation, we ob-
tain
σ(j,l)eg → σ(j,l)eg e2i∆l(t), σ(j,l)ge → σ(j,l)ge e−2i∆l(t), (44)
with
∆l(t) = Vl
∫ t
0
dτf(τ). (45)
In the following, analogous to the 1D case, we consider
the bipartite interaction in both x and y directions. Then
we get a 2D system with N ×N unit cells. As depicted
in Fig. 6, there are four spins in each unit cell, which
are labeled as {A,B,C,D}, respectively. In the regime
ω ≫ Ji,j , Jk,l, we derive the Floquet engineering spin-
spin interactions along the x and y directions
H
(x)
2D =
∑
m
∑
n,r,r′
~[Jn,n+r(An,mB†n+r,m + Cn,mD†n+r,m)
+J ′n,n−r′(An,mB†n−r′,m + Cn,mD†n−r′,m) +H.c.],
H
(y)
2D =
∑
n
∑
m,r,r′
~[Jm,m+r(An,mC†n,m+r +Bn,mD†n,m+r)
+J ′m,m−r′(An,mC†n,m−r′ +Bn,mD†n,m−r′) +H.c.].(46)
For simplicity, we introduce (n,m) to describe the posi-
tion of each unit cell in the 2D spin-spin networks, with
n,m = 1, 2, . . . , N .
To simplify the model, here we suppose that the spin
spacing dx = dy and the periodic driving frequencies
ωx = ωy. In this case, we can derive
Jn,n+r = Jm,m+r,
J ′n,n−r′ = J ′m,m−r′ . (47)
Thus we can define s = n or m, and the two-dimensional
Hamiltonian can be further integrated as
H2D =
∑
r,r′
∑
n,m
~[Js,s+r(An,mB†n+r,m + Cn,mD†n+r,m
+An,mC
†
n,m+r +Bn,mD
†
n,m+r)
+J ′s,s−r′(An,mB†n−r′,m + Cn,mD†n−r′,m
+An,mC
†
n,m−r′ +Bn,mD
†
n,m−r′) +H.c.]. (48)
B. Topological phases
To investigate the topological features in the 2D Flo-
quet engineering spin-spin system, we convert the Hamil-
tonian H2D to the momentum space. Here we consider
periodic boundary conditions along both the x and y di-
rections. Then we apply the Fourier transformation to
the four spins in a unit cell
On,m =
1√
N
∑
k
ei(kxn+kym)Ok, (O = A,B,C,D) (49)
where k = (kx, ky) is the wavenumber in the first Bril-
louin zone. If we define the unitary operator ψ(k) =(
Ak Bk Ck Dk
)T
, the two-dimensional Hamiltonian
can be rewritten as
H2D =
∑
k
ψ†(k)H(k)ψ(k). (50)
Along with that we get 4× 4 matrix form of the Hamil-
tonian in the k-space
H(k) = ~


0 f(kx) f(ky) 0
f∗(kx) 0 0 f(ky)
f∗(ky) 0 0 f(kx)
0 f∗(ky) f
∗(kx) 0

 . (51)
f(kx) and f(ky) have the same form as Eq. (29), which
describe the spin-spin couplings in the x and y directions,
respectively.
Let us study the 2D dispersion relation by solving the
eigenvalue equation
H(k)ψ(k) = E(k)ψ(k), (52)
then obtain
E(k) = ǫx~ |f(kx)|+ ǫy~ |f(ky)| , (53)
ψ(k) =
1
2


1
ǫxe
−iϑx(kx)
ǫye
−iϑy(ky)
ǫxǫye
−i[ϑx(kx)+ϑy(ky)]

 , (54)
where ǫi = ±1, ϑi(ki) = arg[f(ki)], i = x, y. In Fig-
ure. 7(a), we numerically calculate the 2D energy spec-
trum in the momentum space. There are four energy
bands since there are four spins in a unit cell. The low-
est and highest bands are isolated, while the two middle
bands are jointed at the edges of the Brillouin zone (0, 0),
(±π,±π), (∓π,±π). According to Eq. (53), there exist
two equal energy band gaps. When assigning suitable
values of a0, these four bands will be jointed together,
and the band gaps vanished. This is a signature of topo-
logical phase transition.
For 2D systems, the topological invariants of energy
bands are generally characterized by the Chern number.
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FIG. 7. (Color online) (a) Band structure of the 2D Floquet engineering spin-spin interaction in the k-space, a0 = 4. The
energy spectrum has four branches. The lowest and highest bands are isolated, while the two middle bands are touched at
the edges of the Brillouin zone (0, 0), (±pi,±pi), (∓pi,±pi). (b)-(d) show the projected band structures for various parameter
settings of periodic driving: (b) a0 = 4. (c) a0 = −11. (d) a0 = 21. The blue and red curves denote the bulk and edge modes,
respectively. Here we consider Nx = 11. Other parameters are the same as those in Fig. 3.
If we define the Bloch function ψm(k) for the mth en-
ergy band, the non-Abelian Berry connection Am(k) =
iψ†m(k)∂kψm(k). The topological Chern number can be
calculated by the integral of Am(k) over the first Bril-
louin zone,
C = 1
2π
∫
BZ
d2kTr[Am(k)]. (55)
The integral runs over all occupied bands. Alternatively,
the Chern number can be defined by the vector field d(k)
C = 1
4π
∫ ∫
dkxdky(∂kxn× ∂kyn) · n, (56)
where n = d(k)/ |d(k)|. This implies that the topologi-
cal invariant Chern number can be determined from the
winding number in momentum space. Therefore, for this
2D periodically driving spin-spin interactions, the Chern
number has four values, − 12 , 0, 12 , 1. It should be noted
that the Chern number here is not quantized as an inte-
ger multiple, which is different from the traditional con-
cept. For this reason, some works introduce a polariza-
tion vector to describe the topological invariant in the
2D system [20, 23–25]. As mentioned above, we consider
the square lattice geometry, with the nearest-neighbor
spin spacing dx = dy. Due to the C4v point group sym-
metry of the system, the corresponding 2D Zak phases
are (0, 0), (±π,±π), (2π, 2π), while no such higher-order
topological phases exist in the 2D SSH model.
C. Edge states
After discussing the topological invariants, we are now
in a position to study topological edge states in the 2D
spin-phononic system. To show the behavior of edge
states, here we consider a 2D strip structure with the
periodic boundary condition in the y direction and Nx
unit cells in the x direction [81, 82]. In this case, the Flo-
quet engineering spin-spin interaction is translationally
invariant only along the y direction.
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FIG. 8. (Color online) Schematic diagram of the 2D spin-spin
strip structure. After the Fourier transformation, there are a
set of 1D spin-spin interaction arrays indexed by a continu-
ous parameter ky. For simplicity, only the nearest-neighbor
interactions are illustrated.
As sketched in Fig. 8, after Fourier transformation in
the y direction, the two-dimensional strip can be reduced
to a set of 1D spin-spin interactions indexed by a contin-
uous parameter ky. The two-dimensional Hamiltonian
can be rewritten as
H2D(ky) =
∑
n,r,r′
~[Jn,n+r(AnB†n+r + CnD†n+r
+AnC
†
ne
−ikyr +BnD
†
ne
−ikyr)
+J ′n,n−r′(AnB†n−r′ + CnD†n−r′
+AnC
†
ne
ikyr
′
+BnD
†
ne
ikyr
′
) +H.c.],(57)
with n = 1, 2, . . . , Nx. In the single-excited state sub-
space
ψ(ky) =
∑
n
(anA
†
n + bnB
†
n + cnC
†
n + dnD
†
n) |0〉 , (58)
where an, bn, cn, dn denote the amplitudes of occupying
probability in the nth cell, respectively. Substituting
Eqs. (57)-(58) to the eigenvalue equation
H2D(ky)ψ(ky) = Eψ(ky), (59)
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we obtain the following set of equations of motion
Ean = f
∗(ky)cn + Jn,n+rbn+r + J ′n,n−r′bn−r′ ,
Ebn = f
∗(ky)dn + Jn,n−ran−r + J ′n,n+r′an+r′ ,
Ecn = f(ky)an + Jn,n+rdn+r + J ′n,n−r′dn−r′ ,
Edn = f(ky)bn + Jn,n−rcn−r + J ′n,n+r′cn+r′ . (60)
For the open boundaries x = 0, Nx + 1, the following
amplitudes will be vanished,
b0 = d0 = 0,
aNx+1 = cNx+1 = 0. (61)
In this way, we can analytically drive the edge modes.
In Figs. 7(b)-(d), we numerically calculate the result-
ing projected band structures with Nx = 11. From the
energy spectrum in the ky direction, we also verify the
existence of edge states. The number of projected bands
is determined by Nx. For the trivial case with a0 = 4,
there exist only the bulk modes (blue curves), no gap-
less modes emerge. While for the topological nontriv-
ial case with a0 = −11 and 21, we see that the edge
modes (red dash lines) appear inside the energy band
gaps. When a0 = 21, the topological invariant winding
number W = 2, and there are four zero-energy eigen-
states, two of which are degenerated. In addition, we
can also notice that the energy spectrum are symmetric
with respect to the E = 0, which is related to the chiral
symmetry of the system.
V. ROBUST QUANTUM STATE TRANSFER
Topological nontrivial spin-spin interactions host zero-
energy bound states at both ends. In the following, we
show that the topological edge states can be employed as
a quantum channel between distant qubits. Since quan-
tum information can be transferred directly between the
boundary spins, the intermediate spins are virtually ex-
cited during the process, which ensures the robust quan-
tum state transfer [53, 83].
Taking into account the coupling of the system with
the environment in the Markovian approximation, the
evolution of the system follows the master equation
ρ˙ = − i
~
[H1D, ρ] +
2N∑
j=1
γsD[σzj ]ρ, (62)
with σzj = |e〉j〈e| − |g〉j〈g|, γs the spin dephasing rate of
the single SiV centers, and D[O]ρ = OρO† − 12ρO†O −
1
2O
†Oρ for a given operator O.
To verify the theoretical results, we perform numerical
calculations by using the QuTiP library for the 1D spin
array with N = 3. Here we take the excited left end spin
as the initial condition. As illustrated in Fig. 9(a), we
obtain the significant Rabi oscillation of the left end spin.
This implies that there are indeed quantum state trans-
fer between the two ends of the spin array. However, for
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FIG. 9. (Color online) Excitation dynamics of the left end
spin for various parameter settings of periodic driving: (a)
a0 = 12. (b) a0 = 24. (c) a0 = −2. In (a), we also add the
result in the case of γs = 1×10
−4J0. Here we consider N = 3.
Other parameters are the same as those in Fig. 3.
the non-topological condition, no direct quantum state
transfer can be seen, as shown in Fig. 9(c), since in the
topological trivial regime, the eigenstates are the super-
position of entire spin arrays. In addition, we simulate
the excitation dynamics for different parameters of the
periodic driving. Compared Fig. 9(a) with Fig. 9(b),
we see that the localization of the edge states is more
obvious when setting a0 = 12. While for the case with
a0 = 24, it takes shorter time for accomplishing quantum
state transfer. Finally, we also consider the effect of spin
dephasing on quantum state transfer. As shown in Fig.
9(a), when setting the dephashing rate γs = 1× 10−4J0,
which is closed to the practical experimental conditions,
the fidelity can reach 0.9. The numerical results can be
optimized by adjusting the parameters of the periodic
driving field.
VI. EXPERIMENTAL FEASIBILITY
We consider a 2D spin-phononic crystal network, where
SiV centers are individually embedded in the nodes of
a phononic crystal with square geometry. Based on
state-of-art nanofabrication techniques, several experi-
ments have demonstrated the generation of color center
arrays through ion implantation [84]. The fabrication of
nanoscale mechanical structures with diamond crystals
has been realized experimentally, as proposed in Refs.
[57, 58, 85]. Furthermore, owing to the advantage of
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the scalable nature of nanofabrication, the extension of
phononic crystal structures to high dimensions is exper-
imentally feasible, and extensive research has been con-
ducted [61–66, 86, 87].
For the diamond phononic crystal illustrated in Fig.
1(a), the material properties are E = 1050 GPa, ν =
0.2, and ρ = 3539 kg/m3. The lattice constant and
cross section of phononic crystal are a = 100 nm and
A = 100 × 20 nm2, and the sizes of the elliptical holes
are (b, c) = (30, 76) nm. With these carefully designed
parameters, we derive a phononic band edge frequency
ωBE/2π = 44.933 GHz. The ground state transition fre-
quency of SiV center is about 46 GHz, which is exactly
located in a phononic band gap. The coupling between
the SiV center and phononic crystal mode k is given by
gk =
d
vl
√
~ωBE
4πρaAξ(~r) [49], where d/2π ∼ 1 PHz is the
strain sensitivity, vl = 1.71 × 104 m/s is the speed of
sound in diamond, and ξ(~r) is the dimensionless strain
distribution at the position of the SiV center ~r. Here we
assign ξ(~r) = 1 [66]. Then, we can obtain the effective
SiV-phononic coupling rate as gk/2π ≃ 100 MHz. In
the large detuning regime, g ∼ 0.1gk, the band gap en-
gineered spin-phononic coupling rate gc = g
√
2πa/Lc ≃
2π × 25 MHz [51].
In addition, we should consider the decoherence of the
SiV-phononic crystal setup. For the SiV color center in
diamond, at mK temperatures, the spin dephasing time
is about γs/2π = 100 Hz [69]. As for phononic crys-
tals, the mechanical quality factor is Q ∼ 107, which can
be achieved and further improved by using 2D phononic
crystal shields [57]. In this case, we derive the mechanical
dampling rate γm/2π = 4.5 kHz. As calculated above,
the band gap engineered spin-phononic coupling strength
is gc/2π ≃ 25 MHz, which considerably exceeds both γs
and γm, resulting in the strong strain interplay between
the SiV centers and phonon crystal modes. For the near-
est neighbour spins with d0 = a, the bare spin-spin in-
teraction J0 =
g2c
2∆BE
≃ 2π × 4.1 MHz. For the quantum
state transfer in Fig. 9(a), the period is T = 900/J0 ≃ 35
µs, which is much shorter than the SiV spin coherence
time (T ∗2 ∼ 10 ms) [88]. Therefore, with the practical ex-
perimental conditions, this proposal can be implemented
to achieve high-fidelity quantum state transfer.
VII. CONCLUSION
To conclude, we explore the topological quantum prop-
erties in two-dimensional SiV-phononic crystal networks.
Applying a special periodic drive to the SiV centers, the
phononic band-gap mediated spin-spin interactions ex-
hibit a topologically protected chiral symmetry. Then,
we study the topological properties of the 1D and 2D
Floquet engineering SiV center arrays, respectively. For
the periodic driving with suitably chosen parameters, we
analyse and simulate the corresponding topological in-
variants. We show that, under the appropriate driving
fields, higher-order topological phases can be simulated
in the spin-phononic crystal structures.
In contrast to the SSH model, the present Floquet engi-
neering spin-spin interaction can be selectively controlled
by modulating the periodic driving, which is essential for
generating the necessary symmetries of the topological
protection. More interestingly, we present rich topolog-
ical Zak phases in this work. Owing to the highly con-
trollable and tunable nature of the periodic driving, it
is feasible to investigate the topological properties of the
trimer case in SiV-phononic crystal systems. As an out-
look, this proposal can be explored to study chiral quan-
tum acoustics, topological quantum computing, and the
implementation of hybrid quantum networks.
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